Hindawi

Advances in Mathematical Physics
Volume 2021, Article ID 1202527, 8 pages
https://doi.org/10.1155/2021/1202527

Research Article

Hindawi

Solving a Nonlinear Fredholm Integral Equation via an

Orthogonal Metric

Arul Joseph Gnanaprakasam (9,' Gunaseelan Mani(,” Vahid Parvaneh ©,

and Hassen Aydi®*>°

3

'Department of Mathematics, College of Engineering and Technology, Faculty of Engineering and Technology, SRM Institute of
Science and Technology, SRM Nagar, Kattankulathur 603203, Kanchipuram, Chennai, Tamil Nadu, India
Department of Mathematics, Sri Sankara Arts and Science College (Autonomous), Affiliated to Madras University, Enathur,

631 561, Kanchipuram, Tamil Nadu, India

’Department of Mathematics, Gilan-E-Gharb Branch, Islamic Azad University, Gilan-E-Gharb, Iran

4Université de Sousse, Institut Supérieur d’Informatique et Des Techniques de Communication, H. Sousse 4000, Tunisia
°China Medical University Hospital, China Medical University, Taichung 40402, Taiwan
®Department of Mathematics and Applied Mathematics, Sefako Makgatho Health Sciences University, Ga-Rankuwa, South Africa

Correspondence should be addressed to Vahid Parvaneh; zam.dalahoo@gmail.com and Hassen Aydi; hassen.aydi@isima.rnu.tn
Received 14 June 2021; Accepted 26 August 2021; Published 11 September 2021

Academic Editor: Sergey Shmarev

Copyright © 2021 Arul Joseph Gnanaprakasam et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work
is properly cited.

In this paper, we prove fixed point theorems using orthogonal triangular a-admissibility on orthogonal complete metric spaces.
Some of the well-known outcomes in the literature are generalized and expanded by the obtained results. An instance to help

our outcome is being presented.

1. Introduction

One of the most important results of mathematical analysis
is the famous fixed point result, called the Banach contrac-
tion principle (BCP). In several branches of mathematics,
it is the most commonly used fixed point result, and it is
generalized in many different directions. The substitution
of the metric space by other generalized metric spaces is
one natural way of reinforcing the BCP. As a generalization
of the BCP, Wardowski [1] gave a fixed point result in the
setting of complete metric spaces. In other branches of
mathematics, the notion of an orthogonal set has many
applications and has several kinds of orthogonality. Gordji
et al. [2] have imported the current concept of orthogonality
on metric spaces and established some fixed point results
equipped with the new orthogonality. Furthermore, they
used these results to ensure the presence and uniqueness of

the solution of a first-ordinary differential equation, while
the BCP cannot be applied to this problem. In generalized
orthogonal metric spaces, Eshaghi Gordji and Habibi [3]
continued in this direction and gave further fixed point the-
orems. The new definition of orthogonal F-contraction
mappings was introduced by Sawangsup et al. [4], and some
related fixed point theorems on orthogonal-complete metric
spaces have been proved. Many authors have investigated
orthogonal contractive form mappings, and significant
results have been obtained. For more details, see the works
of Eshaghi and Habibi [5], Gungor and Turkoglu [6],
Yamaod and Sintunavarat [7], Javed et al. [8], Sawangsup
and Sintunavarat [9], Senapati et al. [10], Gunaseelan et al.
[11], Beg et al. [12], Uddin et al. [13], Ali et al. [14], etc. In
this paper, we prove fixed point theorems using orthogonally
triangular a-admissibility on orthogonal metric spaces. At
the end, an application is presented.
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2. Preliminaries

The goal of this section is to immediate some concepts and
results used in the article. In this article, U, R*, and N
denote, respectively, the nonempty set, the positive real
numbers, and the set of positive integers.

In 2013, Hussain et al. [15] introduced the concepts of «
-admissible mappings and proved some fixed point
theorems.

On the other hand, the definition of an orthogonal set
(or, O-set), some examples, and some premises of orthogo-
nal sets were introduced by Gordji et al. [2], as follows.

Definition 1 (see [2]). Let U# ¢ and LCUx U be a binary
relation. If 1 satisfies the consecutive condition:

IR, €U : (VR € U, RLR,)or (VR € U, RyLR), (1)

then, it is said to be an orthogonal set (briefly O-set). We
indicate this O-set by (U, L).

Example 1 (see [2]). Let U =10, 00) and define RL¥% if R
Y € {R, ¥}. Then, by setting Ry =0 or R,=1, (U, L) is
an O -set.

Definition 2 (see [2]). The triplet (U, L, ¢) is said to be an O
-metric space if (U, 1) is an O-set and (U, ¢) is a metric
space.

Definition 3 (see [2]). Let (U, L, @) be an O-metric space.
Then, if every Cauchy O-sequence is convergent, U is said
to be an orthogonal complete (briefly, O-complete).

Definition 4 (see [2]). Let (U, L) be an O-set. A mapping
® : U—> U is said to be L-preserving if R LG ¥, when-
ever RLY.

Definition 5 (see [16]). Let (U, L) be an O-set and ¢ be a
metric on U, ® : U— U and « : X x X — [0,00) be two
mappings. We say that & is orthogonally «a-admissible
whenever RLY and a(R, %) =1 imply that a(G(R), G(
¥))>1

Definition 6. Let (U, L) be an O-set and ¢ be a metric on O.
Given 6 : 0 — 0 and a: R xR — (-00,00). We say
that @ is an orthogonally triangular a-admissible mapping if

(i) RLY and a(R, ¥) > 1 imply that a(G(R), B(¥))
>1

(i) RLZ, a(R, Z) =1 and ZLY, a(Z,¥) =1 imply
that R1L%

«(GR), 6(%)) 2 1. 2)
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3. Main Results

Inspired by the a-admissibility and fixed point theorems
proved by Hussain et al. [15], we prove some fixed point the-
orems in an orthogonal complete metric space.

Theorem 7. Let (U, L, ) be an O-complete metric space.
Given an orthogonal element R,. The mappings & : U —
O and a : Ux U — [0, 00) are such that

VR, ¥ € Owith RLY, (p((SﬁR, (ﬁ?)
>0= (<p((§m, (9?) + I)a(m,(ﬁm)a(g,@% <3)
<h(e(R,. X))p(R, %) + L,

for each bounded positive sequence {Q,}, h(Q,)—1
implies Q,, — 0. Suppose that

(1) ® is L-preserving
(2) © is orthogonally triangular a-admissible

(3) There exists R, € U such that R,LOR, and a(R,,
OR,)) =1

(4) Either & is orthogonally continuous, or if {R,} is a
sequence in O such that R, — R, a(R,, R,,;) =
1 for all n, then R, LR and a(R, GR) > 1

Then, & has a fixed point.

Proof. By condition (3), there exists R, € U such that R,L
GR, and a(R,, GR,) > 1. Let

ml = (ﬁmo) mZ = G}ER] = ®2m0 ...... N mﬂ+1 = (gmn — ®n+lm0)
(4)

for all n>0. Since ® is L-preserving, then, {R,} is an O
-sequence in U. Condition (2) implies that a(R,,R,,,) >
1forall n>0.If R, =R,,, for some n >0, then, R, is a
fixed point of ®. Assume that R, #R,,,, Vn >0. Since &
is a-admissible and a(Ry, ®R,)) > 1, we deduce that a(R,,
R,) = a(BR,, *R,) > 1. By continuing this process, we
get a(R,, BR,) > 1 for all n > 0. By the inequality (3), we
obtain

POR, ., OR,) +1< (p(OR, |, BR, ) + [)* R R o OR)
< h((P(mn—li 2):in))go(i):{n—l’ mn) + I’

(5)

then
PR Rit) AR, Ry))P(Ri, Ry). - (6)
This implies that (R, R,,1) <e(R,_;, R,,). It follows

that the sequence defined by [p(R,,R,,;)] is decreasing,
hence, there is 8 >0 so that lim,_, @(R,, R,,;)=D. We
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claim that d = 0. From (6), we have

(mn’ mnﬂ)

(mn 1>§R ) h((P(mn l’m )) (7)

which implies lim,,_, _A(p(R,_;, R,)) = 1. We deduce that

n-1°

im p(R,, R,.) = (®)

Now, we claim that {,} is a Cauchy. Assume that
there are € > 0 and subsequences {m(j)} and {n(j)} so that

(J)—1> <&

n(j) > m(j) >j,q)(91n<j), S{m(j)> > sand<p<91n(j), R

©)
Consider
e< (p(fR R ) ( (j)_1>
( bR )<e+(p<§R m(j)-1 Rm (>),jeIN.
(10)
Taking the limit as j — +0co and using (8), we get
o Ry ) = e

Again,

‘P(’Rnwmmm) S‘P(mmwmmum) *9”(9‘ m(j) +1’mnu>+1>
+9(Ragons Ry )
(12)

‘P(”‘nwv ”‘m<j>+1) < ‘P(”‘mw SRm(j)ﬂ) * 9"<9‘m<n’ ”‘nu))
+ ‘P(’anw mﬂ(]‘))'
(13)

Letting j — +00, together with (8) and (11), we deduce
that

lim q)(m +1,9{m(]~>+1> =¢. (14)

Jj—+00

Since there exists R, € U such that R, LGR,, and «
Ry GR,) > 1, using condition (2), we derive that R, LR,,
a(R,,R,) = a(BR,, *R,) > 1. By continuing this process,
we get

an-mnH’a(m mn+l) (15)

3
for all n > 0. Suppose that m < n. We have
RulR aR Ry L
{ +1 ( +1) (16)
ERm+1J-mm+2’ “(mmﬂ’ 2Rm+2) =1

Recall that ® is orthogonally triangular a-admissible, so
we have

9:{ng{erZ’ “(m mm+2) (17)
Again,
mmlmm+ > ER 2Rer L,
» 2) 2 as)
ERerZJ-?{meS’ a(mmﬂ’ ERm+3) =1

® is orthogonally triangular a-admissible, so we have
2RmJ-iRmﬁ-?)’ (m mm+3) (19)

By continuing this process, we get R,, LR, a(R,,,, R,
)>1 and so EanJ_ERm]oc(ian, iRm)) >1
From (3), (11), and (14), we have

@ (Run Ry ) + 1

< +I> (R OR () )t Rin SR )

(P( +1’ j)+1

(
= (o(0% o

)
)+I) (R ORu))a( Ry ORim;)
P

(20)

Hence,

¢ (mnmw mm(j)n)
¢ (mnw mmu))

h( (SR ]),mmo)) <1 (21)

Letting j — +00 in the above inequality, we get

lim h( (m ]>,mm(j))) = 1. (22)

]—»+OO

That is, at the limit j — +00, @(R(;), Ryn(j) =0<¢,
which is a contradiction. Hence, {R,, } is a Cauchy sequence
in the complete metric space U, hence, there is Z € U so that
R, — Z. First, we suppose that @ is orthogonally contin-
uous, then, we have

GZ= lim GR, = lim R, ,,=Z. (23)

So, Z is a fixed point of &. Assume the condition (4)
holds. Then, R, LZ and a(Z,BZ) > 1. Now, by (3), we



have

P(BZ,R,,,) +1< (9(BZ, BR,) + )T ODRuOR)
<h(o(Z,R,))p(Z, R,) + L.
(24)

That is,
we get

P(OZ, R,.,)) <h(9(Z, R,))p(Z, R,), and so

P(OZ,Z)<9(0Z, R,.1) +9(Z, Ry

(25)
SH(P(Z, R))P(Z5 Ry) +9(Z, Rys)-

Taking n — co, we find ¢(GZ, Z) =0, that is, Z =
6z.0 O

Theorem 8. Let (U, L,¢) be an O-complete metric space.
Given an orthogonal element R,. The mappings & : U —
U and o : Ox U — [0, 00) are such that

VR, ¥ e Owith RLY [p(GR,BY) > 0=
(R, BR) (Y, GY) + 1)7O%67) Sgh@(?‘»?))wmv?)}
(26)

where [ > 1. Assume that there exists a function h : [0,00)
— [0, 1] such that, for any bounded sequence {Q,} of pos-
itive reals, h(Q,)— 1 implies Q, — 0, satisfying the
conditions:

(1) ® is L-preserving
(2) © is orthogonally triangular a-admissible

(3) There exists R, € U such that RyLGR, and a(R,),
OR,) >1

(4) Either & is orthogonally continuous, or if {R,} is a
sequence in U such that R, — R, a(R,, R,.,;) =
1 for all n, then R, LR and a(R, BR) > 1

Then, ® has a fixed point.

Proof. By condition (3), there exists R, € U such that R,L
GR, and a(R,, BR,) > 1. Let

R, =6R, R, =06R, = 2 Ry SR, =6R, = ®n+1mo’

(27)

for all n>0. Since ® is L-preserving, {R,} is an O
-sequence in U. Condition (2) implies that a(R,,R,,;) >

1forall n>0.If R, =R, for some n>0, then R, isa
fixed point of ®. Assume that R, # R, ,;, Vn > 0. By Theo—
rem 7, we conclude that a(R,, R, ) > 1 for all n > 0. From
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(26), we obtain

zfp(&mn,l,@%n)g( a(R, 1, BR,_Da(R,, BR,) +1
< 2Rt R )R R)

)w(@mmp@mn)

(28)
which yields that
(P(mn’ mn+l) = h((P(?Rn D R ))‘P(mn D R ) (29)

So, we conclude that (R, R,.,;) <e(R,_, R,,). It fol-
lows that the sequence d, = ¢(R,,R,,,) is decreasing, so
there is >0 so that b, — b as n — co. We claim that
b =0. Assume that b > 0. Considering (29), we have

(m mnﬂ)

oR, R, <h(p(R,1,Ry)) < (30)

which implies lim,_, h(¢(R,_ 1, R,)) =

n-1>

Therefore, d=Ilim, b, —hmn_m(p(i){n LR, =
It is a contradiction. Thus,
nh_r>n00(P(m 2RnJrl) (31)

Now, we claim that {RR,} is a Cauchy sequence. Assume
there are ¢ > 0 and sequences {m(j)} and {n(j)} so that

) <.

n(j) > m(j) >j,(p(9{ mmo ) > sandtp(i)in(j), ERm(])_

(32)

As in the proof of Theorem 7, one writes
i p(Rug Ry ) = (3)
s a) e

Since there exists R, € U such that R, LGR, and «af
Ry OR,) > 1, using condition (2), we derive that

R, LR, a(R,, R,) =a(GR, G*Ry) 2 1. (35)
By continuing this process, we get
mnlmnﬂ’ rx(i)‘{ mn+l) (36)

for all n > 0. Suppose that m < n. Recall that

{ 2RmJ-ERmH’ (ER 2Rmﬂ) ’

(37)
9{rrwrlJ-ERnHZ’ “(mmﬂ’ 9{erZ) =21

Since ® is orthogonally triangular a-admissible, we have

mmJ-mmﬂ’ (X(?R ’sRm+2) (38)
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Again,
{ RulRiir (R Run) 21 (39)
Rt Rius R Ras) 21
® is orthogonally triangular a-admissible, so
Rt Ro a(Rs Ripgs) 2 1. (40)

By continuing this process, we get R,, LR, (R, R,
) =1 and so ERnJJ_ERmJ(x(ER"J_, S{mj) > 1.
Now, from (26), (33), and (34), we have
22(RugRugn) < ((x (i){n(j), (Simn<j))<x
mu '+l’mm j)+
= (“(”‘nw @mnm)

: oc(iRm@, csmm(j)) ¥ 1)

< 2M(9(RaiyRun) )2 (R Riniy)

P(ORy(;)OR0;))

(41)

Hence,

9 (Rugyon Ry
?(mn<j)’mm(j)) Sh(w(m"(ﬁ’mmo)))ﬂ. (42)

Letting j — +00, we get

lim h(cp(mn(j),mm(j))) =1. (43)

j—+00

That is, lim; @R () Rm(j)) =0<e. It is a contra-
diction, so {R, } is a Cauchy sequence, hence, there is Z
€ U so that R, — Z. First, assume that ® is orthogonally

continuous, then

GZ = lim GR, = lim BR,,, =Z. (44)

So, Z is a fixed point of ®. If (4) is verified, so R, LZ
and a(Z, ®Z) > 1. Now, by (26), we have

ho(Z,R))9(Z.Ry)

2007 Rn) < (a(Z, B F)a(R,, BR,) + 1)7 7R
<2

(45)

That is, (GZ, R,,1) <h(e(Z,R,))e(Z,R,), and so
we get

POZ, Z)<p(BZ, R,,,) +9(Z, R,,)

(46)
<h(Q(Z, R)IT R,) +9(Z, Ry,

At the limit n — oo, one gets (GZ, Z) =0, that is,
Z=62.0 O

Theorem 9. Let (U, L, @) be an O-complete metric space.
Given an orthogonal element R,. The mappings & : U —
O and o : Ox U — [0, 00) are such that

VR, ¥ € Uwith R LY [p(GR, 6Y)
>0 (R, BR)A(Y, GY)p(BR,6Y)  (47)
<h(p(R, 7))e(R. %)),

where 1> 1. Assume that there exists a function h : [0,00)
— [0, 1] such that, for any bounded sequence {Q,,} of pos-
itive reals, h(Q,)— 1 implies Q, — 0, satisfying the
conditions:

(1) ® is L-preserving
(2) © is orthogonally triangular a-admissible

(3) There exists R, € U such that R,LONR, and a(R,),
OR,)) >1

(4) Either ® is orthogonally continuous, or if {R,} is a
sequence in O such that R, — R, a(R,, R,,;) =
1 for all n, then R, LR and a(R, BR) > 1

Then, & has a fixed point.

Proof. By condition (3), there exists R, € U such that R,L
OGR, and a(Ry, ONR,) > 1. Let

R, = BR,, R, = OR, =GRy, - R,,; =BR, =6"' R,

(48)

for all n>0. Since ® is L-preserving, {R,} is an O
-sequence in U. Condition (2) yields that a(R,,, R,,;) =1
forall n>0. If R, =R, for any n >0, then R is a fixed
point of &. Assume that R, # R, ,,, Vn >0. By Theorem 7,
we conclude that a(R,, 8R,,) =1 for all n >0. From (47),
we obtain

a(mn—l’ (Sjmn—l)“(mn’ (sjmn)(/)(&mn—l’ Gﬁnn)

(49)
< h((p(mn—l’ 9{n))go(g{n—l’ mn)’

then
(P(mn’ mn+l) < h((P(mn—l’ mn))q)(mn—b mn) (50)

So, we conclude that (R, R,,1) <@(R,_;, R,,). Thus,
{p(R,,R,,,)} is decreasing; hence, there is D >0 so that
(R, R,,) — D as n —> 00. Regarding (50), we obtain

(P(mn’mm-l) <

N T <h(e(RapRy)) <L 51

(P(mn—l’ mn) ((P( 1 )) ( )
which implies that lim,_,_A(@(R,_;,R,)) = 1. Hence,

b =lim o, =lim,_  oR,;,R,) =0, which is a

n—oo n



contradiction. Hence, we derive that

lim q’(m ’sRn+1) (52)

n—oo

We claim that {R, } is Cauchy sequence. Assume that
there are € > 0 and subsequences {m(j)} and {n(j)} so that

(J)—1> <&

n(j) > m(i) > o (Ruyp Ry ) 2 eand (R Ry

(53)
As in Theorem 7, one has
ERICHEE N B

Since there exists R, € U such that R;LGR,, and «
Ry, ®R,) = 1, using condition (2), we derive that

R, LR, a(R,,R,) =a(OR, @ R,) =1 (56)

By continuing this process, we get
an-thP (m 2Rn+1> (57)
for all n > 0. Suppose that m < n. Recall that

(m 9{m+1) ’

(58)
“(mmﬂ’ 9{m+2) =1

9{mlg{mﬂ’
9{m+1 J-ERm+2>

Since ® is orthogonally triangular a-admissible, we have
2RmJ-ERnHZ’ (m mm+2) (59)
Again, since

(9{ 9{m+2) ’

9{mlglnwz’ (60)
“(mmﬂ’ 2Rm+3) 21,

mm+2lmm+3’

using the fact that ® is orthogonally triangular a-admissible,
we have

’sRmJ-mmH’ ‘x(m mm+3) (61)

By continuing this process, we get R,, LR, a(R,,, R
)>1 and so ERnJJ_ERmJ(x(ERnJ_, S{mj) >1

n
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Now, from (47), (54), and (55), we have

9"(”‘11(1)“’ mmu)ﬂ) < “(mnw (99%(1)) “(mmw Gmmm)‘P
LIRE mmmu) = a(%n@, 659%(1))"‘
R ORongy ) 0 (SRog ORony )

< F’(‘P (91,,(]-), mm(n))‘f’(mnw 9‘mm) :

g
g

Hence,

q’(mn(j)+1’mm(j>+l) <h(¢(mn(j)’mm(j))> <1. (63)

o(Rup Ruy)

Letting j — +00, we get

lim h((p(iRn(j),ERm(j))) =1. (64)

j—+00

At the limit j — +00, (R (j), Riy(j)) = 0. Hence, {R, }
is a Cauchy sequence. The completness of U ensures that
there is Z € U so that R, — Z. If @ is orthogonally con-
tinuous, then

®Z= lim GR, = lim GR,, = Z. (65)
n—~oo n—=oo

So, Z is a fixed point of . If (4) is verified, so R, LZ
and a(Z,®Z) > 1. Now, by (47), we have

p(OZ.R,,)) < o(Z.GZ)a(R,, OR, (L, 6R,)
<h(e(Z,R))e(Z,R,).

n

(66)

That is, p(GZ,R,,,) <
we get

h(p(Z,R,))9(Z.R,), and so

(@2" z) < (P(sz ERn+1) + (P<z mnﬂ)

(67)
Sh(@(Z,R0))9(Z Ry) +9(Z, Rs)-

Taking n — oo, one has ¢(8Z, Z) =0, that is, Z =

G6Zz.0 O

Theorem 10. Assume that all the hypotheses of Theorems 7,
8, and 9 hold. Adding the following condition:

() fR=OR and Z =6Z then RLZ, a(R,GNR) > 1
and a(Z,8Z) =1, we obtain the uniqueness of the fixed
point of ®.

Proof. Suppose that Z and Z™ are two fixed points of &
such that £ # Z”. Then, ZLZ " a(Z,6Z) >1 and a(Z",
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®Z™*) > 1. For Theorem 7, we have

POBF,BF*) + 1< (p(BF, BF*) + [)(FOD(E L)
<h(Q(Z, F)(Z, F*) + 1.
(68)

For Theorem 8, we have

2OLOT) < (((Z,8Z)(Z7, 6Z") +1)1OF0F)
<MLL )NYTT)

(69)
For Theorem 9, we have

POZ, 6T ) <a(Z,8F)(Z", 6T )p(BZ, GZ")
<h(Q(Z, Z7)9p(Z, Z").
(70)

We deduce that h(p(Z, Z")) =1, and so ¢(Z, Z") =0.
Thatis, Z=Z".0 O

Example 2. Let U = [0, 00) be equipped with the metric ¢(
R, ¥%)=|R-%| for all R, ¥ €0. Suppose RLY if RY
=R. Let @ : Ux U — U be defined by

if R [0, 1],

R
G(R) = {W (71)

2R ifR e (1,00).

Define a : R xR — [0,00) and £ : [0,00) — [0, 1] by

1 ifR,¥e0,1],
R.Y)= 2
“h7) { 0 otherwise, 72
h(9) = %. (73)

Clearly, (U, ¢) is an O-complete metric space and L
-preserving. We claim that ® is an orthogonal triangular «
-admissible mapping. Let R, # € 0. If RLY, a(R, ¥) =1,
then R, % € [0, 1]. Also, for R €0, 1], we have GR < 1. It
yields that a(GR, G %) > 1.

Lt R, %, Ze€O0O. U RLZ, a(R, Z) =1 and ZLY, of
Z,Y) =1, then, R, %, Z €[0,1]. Also, for Re[0,1], we
get ®R < 1. Thus, RLY, a(BR, BY) = 1. Hence, the state-
ment is satisfied. Due to the above, «(0, 0) > 1.

Now, let {R, } be a sequence in U so that a(R,, R, ,;
)>1 for all n>0 and R, — R as n —> oo, then, {R, }
c [0, 1], hence, R € [0, 1]. This implies that a(R, GR) > 1.

7
Let R, % €[0,1] and % > R. We get
A(ROR(TOY) _ o/ _ @R = 7
(P(BR, 6%) +1) =6y 659%—?”
- % +1= J-R + Si?—%
R+1 I1+R)(1+Y) 1+%-R
+L=h(p(R. ¥))p(R. ) + L.
(74)

Otherwise, a(R, BR)a(%, %) =0 and so

(P(BR, 8Y) + [)*CEVTEN =1 <h(p(R, ¥))9p(R, ) + 1.
(75)

Hence, all the hypotheses of Theorem 7 are satisfied, and
® has a unique fixed point, R = 0.

4. Application

Let U = C[Ay, A,] be a set of all real continuous functions on
[A, A,] equipped with metric 9(R, %) = |R — ¥| for all R
,% €C[A, Ay]. Then, (U,¢) is a complete metric space.
Consider the orthogonality relation L on U given as

R1Y = R(Q)Y(Q) = R(Q) or RIQ)Y(Q) > ¥(Q)VQ € [A}, 4,).
(76)

Now, we consider the nonlinear Fredholm integral equa-
tion

R(0Q) =b(Q) + rz i(Q.8,RE@)ds,  (77)

b=My,
where Q,8 € [A},A,]. Assume that j: [A, L,] x[A, 4] xR
—> R and v : [A, A,] — R continuous, where v(Q) is a
given function in U.

Theorem 11. Suppose that (U,d) is an O-complete metric
space equipped with the metric (R, %) =|R - ¥| for all
R, %€V and : U0 — U is an orthogonal continuous
operator on U defined by

GR(Q) =v(Q) + — JAZj(Q,é,ER(é))ds, (78)

A=A A

forallR, % e O with R + Y and 8, Q € [, A,] satisfying the
following inequality

(0,8, 6R(@)) - j(0,8,6%(8)| < 7]

SIAR-¥ (79)

then, the integral operator defined by (78) has a unique
solution.



Proof. We define a: R xR — [0,00) such that a(R, %)
=1forall R, % €U and h : [0,00) — [0, 1] defined by

1

ht)= .

(80)

Therefore, & is orthogonally triangular a-admissible.
Now, we show that & is L-preserving. For each, R, % €U
with R1LY and Q € [a, b], we have

A,
GR(Q)=0(Q) + #J j(2,8,R(8))ds=1. (81)
b=y,

Accordingly, [(GR)(Q)|[(GY)(Q)] = (BY)(Q) and so
(BY)(Q)L(GY)(Q). Then, ® is L-preserving. Clearly, ®
is orthogonally continuous. Let R, % € U, [ > 1 with RL1L¥
. Suppose that (R) + G(%). Using (78), we derive

(P(BR, BY) + [)*FORTOY) - o BR, 8Y)

A
+1=[BR-GY|+1= J (2,8, BR(3))ds

A

1
A=A

Tl IJAZU(Q, 3, 6N (3))

A,
- j(Q,8,8%(8))ds
R I

A

) R —
—j(0,8,6%(8))|ds + L < |A2—A1|JA 1L|m?;|ds+1,
R
- L L HOR )l ) L.
(82)

Hence, all the conditions of Theorem 7 are satisfied, and
so the integral operator ® defined by (78) has a unique solu-
tion.[d O

5. Conclusion

The idea of a-admissibility on O-complete metric spaces was
introduced in this article, and some fixed point theorems
were demonstrated. An illustrative example is provided that
shows the validity of the hypotheses and the degree of use-
fulness of our findings.
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