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ABSTRACT

A percentile is one of the measures of location used by statisticians showing the value below which
a given percentage of observations in a group of observations fall. A family of ratio-cum-product
estimators for estimating the finite population mean of the study variable when the finite population
mean of two auxiliary variables are known in simple random sampling without replacement
(SRSWOR) have been proposed. The main purpose of this study is to develop new ratio-cum-
product estimators in order to improve the precision of estimation of population mean in sample
random sampling without replacement using information of percentiles with two auxiliary variables.
The expressions of the bias and mean square error (MSE) of the proposed estimators were derived
by Taylor series method up to first degree of approximation. The efficiency conditions under which
the proposed ratio-cum-product estimators are better than sample man, ratio estimator, product
estimator and other estimators considered in this study have been established. The numerical and
empirical results show that the proposed estimators are more efficient than the sample mean, ratio
estimator, product estimator and other existing estimators.
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1. INTRODUCTION

A percentile is one of the measures of location
used by statisticians showing the value below
which a given percentage of observations in a
group of observations fall. Percentiles play an
important part in descriptive statistics and their
use is well recommended. Percentiles divide a
set of ordered data into hundredths. Median (M)
is the 50 th percentile. In a situation where
auxiliary information is available, it is possible to
devise suitable ways of using it in obtaining the
sample strategies which are better than those in
which no such information is used. When the
information on an auxiliary variable X is known, a
ratio, product or linear regression estimator could
be employed for the estimation of finite
population mean or variance. Cochran [1] made
an important contribution to the modern sampling
theory by suggesting methods of using the
auxiliary information for the purpose of estimation
of population mean so as to increase the
precision of the estimates. Cochran [1]
developed the ratio estimator to estimate
population mean or the total of the study
variable.

Many authors have developed ratio and product
type estimators for estimating population mean of
study variable like Upadhayaya and Singh [2],
Abu-Dayyeh [3], Singh et al. [4], Kadilar and
Cingi [5], Tailor et al. [6], Jeelani et al. [7], Gupta
and Yadav [8], Muili et al. [9], Muili and Audu
[10], Muili et al. [11], etc. None of the above
authors have used percentiles as population
parameters for estimating population mean of
study variable.

The purpose of this study is to develop new ratio-
cum-product estimators to improve the precision
of estimation of population mean in sample
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random sampling without replacement using
information of percentiles with two auxiliary
variables.

Consider U={U1,U2,U3,...,UN} be a finite
population having N units and each
Ul.=( i,Y;), i=123,...N has a pair of

values. Y is the study variable and X, and X,
are the two auxiliary variables which are

Let y={y, Yy )}
Xl :{xll,xlz,...,xln} ,

X, = {x21,x22,...,x2n} be n sample values. y,

correlated with Y .

and

X,and X, are the sample means of the study

and auxiliary variables respectively. Sf, and Sjl.

be the mean square population of Y and X,

respectively and Si and Si. be respective

sample mean square based on the random
sample of size n drawn without replacement.
N : Population size, 7:Sample size, ¥, X, :
Population
variables p :

means of study and auxiliary
Coefficient of correlation,

C,,C,, : Coefficient of variations of study and

auxiliary variables, ﬂz(x_) : Coefficient of Kurtosis
of auxiliary variables, M,(x;): Median of the

auxiliary variables. Sampling fraction (f) is the

ratio of sample size to population size.
Percentage Relative Efficiency (PRE) is a
statistical tool used to measure and ascertain the
efficiency of one estimator over another.
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2. MATERIALS AND METHODS

The problem of estimating population mean of
the study variable when the population mean of
an auxiliary variable(s) is/are known has been
discussed among the statisticians in the field of
sample survey. Robson [12] developed a product
estimator for estimating population mean. Also,
Murthy [13] proposed a product type estimator to
estimate population mean of study variable by
the used of auxiliary information when the
coefficient of correlation is negative. Singh and
Tailor [14] developed a family of estimators using
known values of some parameters to estimate
the population mean of the study variable. Abid
et al. [15] proposed a class of ratio estimators
incorporated non-conventional location
parameters for the estimation of population
mean. Other researchers are Kadilar and Cingi
[16], Koyuncu and Kadilar [17], Yan and Tian
[18], Subramani and Kumarapandiyan [19],
Yadav et al. [20], Gupta and Yadav [21], Muili et
al. [22-25] Audu et al. [26], [27] Muili et al. [28],
etc.

Sample mean ()7) in simple random sampling
without replacement is given as:

I
y=—>y (1.0)

n g
V(y)=rY'C; (1.1)
Cochran [1] ratio estimator for estimating

population mean (Y)of the study variable (Y)

is given as:

Iy

(1.2)

=<l

(12

MSE(t,)=yY*(C} +C} =2p,, C,C, ) (14)

Bias(t,)=yY (C} - p,, C,C,) (1.3)

Robson [12] developed a product estimator for

estimating population mean (?) of the study

variable (Y) given as:

57

(1.5)

Bias(t,,)zy?(Cf1 +pyxleCx) (1.6)

MSE(1,)=yY*(C2+CL +2p,.C,C, ) (17)

Upadhyaya and Singh [2] developed ratio and
product estimators for estimation of population
mean using known values of coefficient of

variation (CX_) and coefficient of kurtosis

(ﬂz(xi)) of variable variables with their biases
and mean squares errors (MSEs) given as:

i

)_CZCX2 + 5, (x,)
)_(ZCX2 + 5, (x,)
{Xlﬂ

f1ﬂ2(xl)"'cx, ]
_()_czﬂz(xz)+Cx7 ]
L=y =———

X,B,(x,)+C,

(XA

0C, +55(%)

<|

XiBx)+C (1.11)

<

4
4

(1.12)

Bias(t,) = yY (4'C. = 4p,,C,C, ) (1.13)

Bias(t,) = yY (C. + Ap,, C,C, ) (1.14)
Bias(t,)=yY (A C] - 4,p,,C,C,) (1.15)
Bias(t,)=yY (4C +4p, C,C.)  (1.16)
MSE (t,)=yY*(C} + 1/CI =24,p,,C,C, ) (1.17)
MSE(1,)=yY*(C} + 4C. +24p,,C,C, ) (1.18)
MSE(t,)=yY*(C} + 2C. =24p,,C,C, ) (1.19)
MSE(t,) = y7*(C} + 4;CL +24,p,,C,C, ) (1:21)
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)?lcxl ﬂ'z — )?Zcxz — Xlﬂz (xl) 1 = )?2182 (xz)
— , — — A==
chxl +5,(x) XZCxZ +5,(x,) XIIBZ(XI)+CX1 X,B,(x,) + sz

where 4, =

Singh [29] proposed a ratio-cum-product estimator of population mean using the two auxiliary
variables as:

t:_& £ (1.22)
TN E T |

Bias(t;) =y (CI (1-x,, )+ C2 (x,, — %, ) (1.23)

MSE (t,) = yY? (Cj +Cl(1-2x, )+ CL {1+ 2(x,, —x,, )}) (1.24)

Singh and Tailor [30] also developed a ratio-cum-product estimator for estimation of population mean
incorporated coefficient of variation between auxiliary variables into the work of Singh (1967) as:

X +p.. | % +p.,
ty=y| — P || 227 P (1.25)
xl + [)xlx2 XZ + /)xlx2
Bias(t;) = 7/7(le$} (,u1 K, )+ ,uijz (,uzlcyxz — K, )) (1.26)
MSE (t,) = yY? (Cj + i C2 (1 =20, )+ 1,CL iy + 2k, - i, )}) (1.27)
X X
o /JI Xl + px]xz “ qu XZ + px1x2

Tailor et al. [31] proposed two ratio-cum-product estimators of population mean using both coefficient
of variation and coefficient of kurtosis of auxiliary variables as:

— chx, +ﬁ2('x1) )_CZsz +ﬂ2('x2)
L=y — = (1.28)
xC, +4,(x)) X,C, +5,(x,)
X L,(x)+C. [ %B,(x,)+C
t :y _1:32( 1) X _2ﬂ2( 2) X (1.29)
xlﬂz (x1)+Cxl Xzﬁz (x2)+cx2
Bias(t,) = y¥ (AC2 (4 =K, )+ HC2 (A, — Ak, ) (1.31)
MSE (1) = yV* (€ + AC2 (4 =2k, )+ LC2 {4 + 20k, — Ak} (1.32)
Bias () = y¥ (4C2 (A =K, )+ 4CL (A, = Ak, ) (1.33)

58



Muili et al.; AJRCOS, 6(1): 55-65, 2020; Article no.AJRCOS.59248

MSE (1) = 77*(C} + 42 (A =2k, )+ AC2 {2 +2(x,, = 2ok, )}) (1.34)

Yadav et al. [32] developed a ratio-cum-product for estimation of population mean using known values
of coefficient of kurtosis and median of auxiliary variables as:

o FLLD M) | £ ) M, ) -

’ x5 (x)+M,(x) Yzﬁz(xz)'FMd(xz) '

Bias(t9): VY(Ulcxz, (771 K )+772C (772 Ky, )) (1.36)

MSE (1,) = y¥* (€ +1,C (m = 2k, )+ 1.CL {, + 2, - KM)}) (1.37)
Where 7, = XS (%) _ X,f,(x,)

COXBO)EM ()T X B(%)+ M, (xy)

2.1 Proposed Estimator B
X5, (0) + By (x)
X (x) + By (x)

%6,(%,) + By (x,)
Xzﬁz(xz) + By (x,)

g e

Having studied the works of Singh and Tailor
[30], Tailor et al. [31] and Yadav et al. [32], we

proposed a family of ratio-cum-product _ _
estimators for estimating population mean using =y X5, (x)+ B (%) )ﬁzﬁz(xz)'*'P%(xz) (2.9)
information of percentiles of auxiliary variables —*’ X0,(x)+Rs(x) \ X,5,(x,)+Py(x,)
as:
_ B t =y )?1182()51)+P99(x1) %ﬂz(xz)"'ng(xz) (2.11)
[X (%) + P (xl)j xzﬂz(xz)"'Pss(xz)j 21 " X 0,(x)+ Py (x) \ X,8,(x,)+By(x,)
X5,(x) + Fis(x) )\ X,08,(x,)+ Fis(x,)
The proposed estimators can be written in a
(Xﬂ2(x1)+P 200 | D)+ By(x,) (2.2) general form as:
xlﬁz()ﬁ)‘f‘P (x1 Xzﬂz(x2)+P50(x2) (XlﬂZ(xl)JrBf(xl)]( xzﬂz(xz)"'ec(xz)] (2 12)
_ T EA0) R N\ D00+ B
[Xﬂz(xl)"'Pss(xJ )Ezﬂz(xz)*'Pss(xz) (2.3)
x5 (x)+Fs(x) )\ X,8(x,)+Fs(x,) where
B i=1,2,..,10 k =55,60,...,99
=y Xﬂ2(x)+ 0 () || %8,06) + Bo(x,) (2.4)
%5,(0)+Py(x) )\ X, (x,)+ Py(x,) 2.1.1 Properties (bias and MSE) of the
proposed estimators
[X H(r)+ B5() [xzﬂz(xz)”)%(xz) (2.5) To obtain the bias and MSE, we define
X, (x)+ (x) Xzﬂz(xz)“'f;s(xz) y_)_f )_C _X' f _)?
eozT, e ="1=—"1 and e,=—"=—+>
[Xﬂz(xl)%(xl J(xzﬂz(xz)%(xz)j (26)  such ! ot
KA (0)+Fo () N\ Xafy(o) + o (3,) y=Y(l+¢), X =X, (l+¢)and X, =X,(1+e¢,)
[Xﬂz(x)+ (x)][ xzﬂz(xz)JrE;S(xz)J 2.7) , from the definitions of ¢, ¢,and e,, we obtain
%5(x)+Rs(x) )\ X,8(x,) + Ry (x,)
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E(eo):E(el):E(ez)IO’E(eg):J’Cj
E(elz):}’cfl,E(ezz):}/sz,E(eoel):yp C.C.

¥y Ty TN

(2.13)

E (eoez) =P, Cnyz , E (elez ) =P, Cx, sz >

Expressing (2.12) in terms of ¢, ¢ and e, , we have

t,=Y(l+e)| = X (x) + A ) [X2(1_+e2)ﬁ2(x2)+Pk(x2)j (2.14)
X1(1+el)ﬂ2(x1)+Pk(x1) Xzﬂz(x2)+})/c(x2)
1, =)7(1+eo)(1+¢lel)_l(1+¢2e2) (2.15)
X, X
where ¢ =—= o) s == £,%)
X]ﬂz(xl)—i_f;g(xl) Xzﬂz(xz)—i_f;g(xz)

Simplifying (2.15) up to first order approximation, it reduces to (2.16) as:

L= )7(1 +e, —the, — heje, + Blel + e, + dreye, - ¢1¢2elez) (2.16)
Subtracting Y from both sides

(tpl. - }7) =Y+ f(eo —de —dese +dlel +pe, +pee, —dbee, ) -Y (2.17)
Taking expectation of both sides

E(tpl. - }7) =YE (eo —pe —deye + ¢512312 +p,e, +pee, — ¢1¢2elez) (2.18)
Applying the results of (2.13) to (2.18), gives the bias as:

Bias (tpi) - 7Y(¢SC§1 N ¢1‘ p)’xl C)’Cxl + ¢21 pyxz Cycxz - ¢1i ¢2i pxlxz Cxl sz ) (219)

Bias(t,,) =¥ (4,C2 (4, %, )+, CL (#,5,, — 45, ))> 112,010 (221)

C y C ) Cxl
where x, =p C_Xl > Ky = Py, C_xz > Koy = P, sz
Squaring and taking expectation of (2.18), gives
— 2

MSE (1) = (YE(e,~ 4 e, + ¢, (2.22)
Expanding (2.22)

MSE(tpi) = )72E(e§ + lfef + Zezz —24 e,e, +2¢, eje, =24, §, elez) (2.23)

Applying the results of (2.13) to (2.23), gives
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MSE(t,))=yY*(C2+42C2 +4,C. —24, p,,C,C, +2¢, p,.C,C. =24, p, C.C, ) (2.24)

MSE(1,)) = y?2(cj+¢],cjl (¢, 21, )+4,C {¢2,+2(ny2—¢1,/<%)}), i=12,.,10 (2.25)

3. EFFICIENCY COMPARISON

Efficiencies of the proposed estimators are compared with efficiencies of the existing estimators in the
study

The proposed estimators (tpl.) of the finite population mean are more efficient than y if,

MSE(t,,)<V(¥)  i=12,..,10

yY? (Cy2 +¢,C, (¢1,- -2k, ) +¢,C; {¢2i + 2(/<yx2 ~$ K, . )}) <yY’C: (3.
The proposed estimators (tpl.) of the finite population mean are more efficient than Z; if,
MSE (t,,) < MSE ;) i=12,..,10
y7? (cf, +4,C (¢, ~2x,, )+ 4,C2 1, +2(x,, ~ bk, )}) <P (ci+ci-2p,0C,) (32)
The proposed estimators (tpl.) of the finite population mean are more efficient than 7, if,
MSE(t,,) < MSE(t,) i=12,..,10
y7? (cy2 +4,C2 (¢, ~2x, )+ 4,C2 {4, +2(x,, k.., )}) <7} (C2+C2 +2p,.C,C, )33
The proposed estimators (tp[) of the finite population mean are more efficient than tj if,

pi

MSE (t,,) < MSE(t,) i=1,2,.,10 j=12,34

2 2 2 2 2.2
(C,V + ¢1i Cxl (¢1i - 2K,Vx1 )+ ¢2i CX: {¢2‘ + 2(’(}’)‘2 _¢11 lexz )}) < (Cy + ﬂ'.i CX1 - 2/1//)}’)‘1 CJ’Cxl ) (34)
The proposed estimators (tpi) of the finite population mean are more efficient than % if,

MSE (t,,) < MSE (&) i=12,...10

(cj +4,C2 (4, - 28, )+ 6,C2 (g, +2(x,, 4k, )}) <(c+ci(1-2x, )+ C2 {142k, -x,,)}) BD)

61



Muili et al.; AJRCOS, 6(1): 55-65, 2020; Article no.AJRCOS.59248

The proposed estimators (tp,.) of the finite population mean are more efficient than Z; if,
MSE (t,,) < MSE (1) i=12,..,10
(@’Cfl (4, 21, )+ 4,C2 {4, +2(x,, 45, )}) (€ (1 -25,, )+ 1C2 ity +2(x,,, -~ pi,,)}) (B6)
The proposed estimators (tp,.) of the finite population mean are more efficient than Z, if,
MSE(t,,) < MSE(t,) i=12,..,10
(¢1, C2 (¢, ~2x, )+ 4,C2 19, +2(x,, 45, )}) <(AC2 (4 -2k, )+ AC2 {2 +2(x,, —Arc,,)}) BT)
The proposed estimators (zp[) of the finite population mean are more efficient than Z if,
MSE (t,,) < MSE (&, i=12,..,10
(¢1, C2 (¢, 2, )+, C2 {p, +2(x,,, ~ 4,5, )}) <(A€C2 (A -2x, )+ A2 (A +2x,, — Ak} ) (38)
The proposed estimators (tp,.) of the finite population mean are more efficient than Z, if,
MSE(t,,) < MSE(t,) i=12,..,10

(6,C2 (8, —25,, )+ 0,C2 {, +2(x =gk, )} ) < (0C2 (=26, )+ maC2 i+ 25, —mix, D)) (3-9)

When conditions (3.1), (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), (3.8) and (3.9) are satisfied, we can
conclude that the proposed estimators are more efficient than sample mean, the ratio estimator,
product estimator, and other existing estimators considered in the study.

3.1 Empirical Study

In order to access the performance of the proposed estimators, we considered a real population as
given in Yadav et al [32].

N=30,n=10,Y =17.5, X, =47.1333, X, =4.4637, p,. =0.3637, p, =-0.19%4, p,. =0.0736,

,(x)=0.06206, A3,(x,)=0.2296, C, =04758, C, =0.6046, C, =0.8727, M, (x;,)=36,
M,(x,)=221, B, =125B, =13.12, B, =110.15 B, =1289, B, =969, B, =1224,

> 7 95x, > 7 90x > 7 90x,
B, =9535 B, =1164, B, =618 B, =82, B, =59.25 B, =688B, =539,P, =384,
B =49, B, =26l B, =468, B, =249, B, =4025 B, =2.36.
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Table 1. MSE and PRE of existing and proposed estimators

Estimator MSE PRE

Sample Mean ()7) 4.6129 100

Ratio Estimator(tR) 7.7989 59.14808

Product Estimator(tP) 16.7563 27.52935

(1) 7.5756 60.89155
[2]

(1,) 15.2646 30.21959
(2]

(1) 7.5865 60.80406
(2]

(7,) 7.3175 63.03929
(2]

(%) 18.3606 25.12391
[29]

() 17.9278 25.73043
[30]

(1) 16.7655 27.51424
[31]

() 9.4541 48.79259
(31]

Yadav et al. (2016) (1,) 4.4003 104.8315

Proposed Estimator (tpl) 4.3457 106.1486

Proposed Estimator (l‘pz) 4.2430 108.7179

Proposed Estimator (tp3) 4.1837 110.2589

Proposed Estimator (tp4) 3.9026 118.2007

Proposed Estimator (tps) 3.7804 122.0215

Proposed Estimator (tp6) 3.7756 122.1766

Proposed Estimator (tp7) 3.8285 120.4884

Proposed Estimator (tpg) 3.8359 120.256

Proposed Estimator (tpg) 3.8650 119.3506

3.8952 118.4252

Proposed Estimator (tplo)

4. RESULTS AND DISCUSSION

A family of ratio-cum-product estimators for
estimation of population mean of the study
variable using known population parameters of
two auxiliary variables. The bias and mean
square error (MSE) of the proposed estimators
were derived up to first order of appreciation.
Theoretical comparison of the proposed ratio-
cum-product estimators of population mean with

63

sample mean ()7) ratio estimator(tR), product
estimator (fp) and other existing estimators

considered in the study were established. The
mean square errors (MSEs) of the proposed
estimators are lesser than sample mean, ratio
estimator, product estimator and other estimators
considered in the study. The performance of the
proposed estimators over the sample mean, ratio
estimator, product estimator and other selected
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existing estimators using a real population were
obtained.

5. CONCLUSION

The study proposed a family of new ratio-cum-
product estimators of finite population mean
based on the information obtained from the
percentiles of auxiliary variables. The results in
Table 1 clearly showed that the proposed ratio-
cum-product estimators performed better than
the sample mean, ratio estimator, product
estimator and other existing estimators
considered in the study having minimum Mean
Square Error (MSE) and the highest Percentage
Relative Error (PRE).
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